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THE GEOMETRY OF THE SECANT CAUSTIC
OF A PLANAR CURVE
W. DOMITRZ, M. C. ROMERO FUSTER, M. ZWIERZYN´SKI
Abstract. The secant caustic of a planar curveM is the image of the singular
set of the secant map of M . We analyse the geometrical properties of the
secant caustic of a planar curve, i.e. the number of branches of the secant
caustic, the parity of the number of cusps and the number of inflexion points
in each branch of this set. In particular, we investigate in detail some of the
geometrical properties of the secant caustic of a rosette, i.e. a smooth regular
oriented closed curve with non-vanishing curvature.
1. Introduction
Given a pair of closed smooth curves M,N respectively parameterized by f, g :
S1 Ñ Rn, we can attach to it a smooth map SM,N : S1 ˆ S1 Ñ Rn, known as the
secant map of pM,Nq. This is obtained by attaching to each couple ps, tq P S1ˆS1
the end point of the vector fpsq ´ gptq. The study of the singular set of the secant
map provides relevant global information on the curves, from both the geometrical
and topological viewpoint. In fact, it is easy to see that ps, tq is a singular point
of the secant map if and only if the vectors f 1psq and g1ptq are parallel. The case
of curves in 3-space was analyzed by J. W. Bruce [3], who proved that the secant
map of a generic pair of space curves is a locally stable map from R2 to R3, having
a cross-cap point at every pair of points with parallel tangents. It is not difficult to
check that the singular set of the secant map coincides with the bitangency curves
studied in [6].
On the other hand, in the case of plane curves, it has been shown in [21] that a
singular point is of a cusp type (or worse) if and only if the curves α and β have
the same curvature and bend in opposite directions at the points fpsq and gptq.
A description of the singularities of these maps, up to codimension 2, together
with their corresponding geometrical interpretation, is given in [21]. We quote the
following results:
a) The existence of a homotopically trivial connected component in the sin-
gular set of the secant map implies that both curves are non convex (in the
sense that the curvature changes the sing along them).
b) For most pairs of closed curves pM,Nq (i. e. for an open and dense subset of
C8pS1,R2q ˆC8pS1,R2q with the Whitney C8-topology), the map SM,N
is a stable map from the torus to the plane. In such case, we said that
pM,Nq is a stable pair of curves.
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c) Given a stable pair of pM,Nq with respective Whitney indices m and n, the
singular set of SM,N has exactly 2µn,m toric curves of type p nµn,m , mµn,m q,
where µn,m denotes the maximum common divisor of m and n and possibly
some more homotopically trivial toric curves.
The image of the singular set (branch set) of a stable pair pM,Nq is a (non neces-
sarily connected) plane curve with possible cusps and transverse self-intersections.
We shall denominate it as the secant caustic of the curve and denote it as SCpMq.
The aim of the present paper is to analyze the geometrical properties of the secant
caustic of a generic closed plane curve, i.e. we shall consider the particular case
α “ β. We observe that in this case the diagonal of S1ˆS1 belongs to the singular
set of the secant map ( i.e., all the pairs ps, sq are singular), but its image reduces
to the origin of R2. This is a degenerate component of the secant map that does
not provide any information and shall not be considered here.
We must emphasize the connections between the secant caustic, the Wigner
caustic and the Centre Symmetry Set. The Wigner caustic was introduced by M.
Berry in 1977 [2] and the Centre Symmetry Set was introduced by S. Janeczko in
1996 [18]. From a geometrical viewpoint, the Wigner caustic of a plane curve M is
the locus of the midpoints of all the chords connecting couples of points with parallel
tangent lines on M . The Centre Symmetry Set is the envelope of these chords. The
local geometrical properties of the Wigner caustic and the Centre Symmetry Set of
closed planar curves have been analyzed in [1, 5, 7, 8, 9, 10, 11, 13, 14, 15, 18, 22, 23].
The global properties of the Wigner caustic of closed planar curves were studied in
[12]. For this purpose, it was introduced an algorithm (“glueing schemes”) encoding
the information relative to the connection between the different smooth branches
of the Wigner caustic was introduced. This algorithm allows us to determine the
number of smooth branches, the rotation number, the number of inflexion points
and the parity of the number of cusps on each one of these branches. In the present
paper (Section 3), we adapt this algorithm to the analysis of the secant maps of
closed plane curves and as a result we obtain several global consequences regarding
the behaviour of the branch set of these maps. In particular we point out the
following results:
‚ The numbers of cusps and of inflexion points of the secant caustic of a
generic closed regular plane curve are even.
‚ Let a, b be a parallel pair of a generic closed regular plane curve M. Then
a ´ b and b ´ a are inflexion points of the secant caustic of M if and only
if one of the points a or b is an inflexion point of M .
‚ Given a regular curve M and a parallel pair a, b of M , the secant caustic
SCpMq of M has a singularity at the point a´ b if and only if M is curved
in the same side at a and b and |κM paq| “ |κM pbq|.
‚ The secant caustic of a regular closed curve M passes through the origin
at the inflection points of M .
The main tool in the proof of these properties are the glueing schemes described
in Section 5. Such schemes were first introduced in [12] in order to analyze the
global behaviour of the Wigner caustic of a closed plane curve.
THE GEOMETRY OF THE SECANT CAUSTIC 3
2. The geometry of the secant caustic
Let M be a smooth parameterized curve on the affine plane R2, i.e. the image
of the C8 smooth map from an interval to R2. A smooth curve is closed if it is the
image of a C8 smooth map from S1 to R2. A smooth curve is regular if its velocity
does not vanish. A regular curve is said to be simple if it has no self-intersection
points. A regular simple closed curve is convex provided its signed curvature has a
constant sign.
Definition 2.1. A pair of points a, b P M (a ‰ b) is called a parallel pair if the
tangent lines to M at a and b are parallel.
Definition 2.2. The chord connecting a pair of points a, b PM , is the line:
lpa, bq “  λa` p1´ λqb ˇˇ λ P R( .
Definition 2.3. An affine λ-equidistant of M is the following set:
EλpMq “ cl
 
λa` p1´ λqb ˇˇ a, b is a parallel pair of M( .
In particular, the set E 1
2
pMq will be called the Wigner caustic of M .
Definition 2.4. The secant caustic of two curves M,N is defined as:
SCpM,Nq “ cl  a´ b ˇˇ a PM, b P N, a, b is a parallel pair of M YN( .
Definition 2.5. The self-secant caustic of a curve M , is the following set:
SCpMq “ SCpM,Mq “ cl  a´ b ˇˇ a, b is a parallel pair of M( .
Along this paper we shall refer to the self-secant caustic of a curve M shortly as
the secant caustic of M . See Fig. 1 for examples of secant caustics.
Figure 1. Curves (on the left) and the self-secant caustic of them
(on the right).
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Remark 2.6. The closure, in the previous definition, is needed to include the origin
0 of R2 in the secant caustic of M as a limit of the differences a´ b of parallel pairs
of points a, b approaching an inflexion point of M from different sides.
Remark 2.7. Let ω “
nÿ
i“1
dpi^dqi be the canonical symplectic form on R2n. The
map 5 : TR2n Q v ÞÑ ωpv, ¨q P T˚R2n is an isomorphism between the bundles TR2n
and T˚R2n. Let α be the canonical Liouville 1-form on T˚R2n. Then 9ω “ 5˚dα “
nÿ
i“1
d 9pi ^ dqi ` dpi ^ d 9qi is a symplectic form on TR2n. It is easy to see that the
map Ψ : R2n ˆ R2n Ñ TR2 “ R2n ˆ R2n,
Ψpp`, q`, p´, q´q “
ˆ
p` ` p´
2
,
q` ` q´
2
, p` ´ p´, q` ´ q´
˙
takes the canonical symplectic form pi˚`ω ´ pi˚´ω on the product R2n ˆ R2n to the
canonical symplectic form 9ω on TR2n, where pi`, pi´ : R2n ˆ R2n Ñ R2n are the
projections on the first and on the second component, respectively. Let L be a
Lagrangian submanifold of pR2n, ωq, then ΨpL ˆ Lq is a Lagrangian submanifold
of pTR2n, 9ωq. Let pi1, pi2 : TR2n “ R2n ˆ R2n Ñ R2n be the projections on the
first and on the second component, respectively. Then pi1 and pi2 define Lagrangian
fibre bundles with the symplectic structure 9ω. Let us notice that the caustic of the
Lagrangian map pi1 ˝Ψ
ˇˇ
LˆL is the Wigner caustic [7, 9, 10]. On the other hand the
Lagrangian map pi2 ˝ Ψ
ˇˇ
LˆL is the secant map of L. Therefore the set of singular
values of the secant map coincides with the secant caustic. Finally, observe that
any smooth planar curve is a Lagrangian submanifold of pR2, ωq.
Definition 2.8. We say that a point c is the center of symmetry of a curve M if
for any point a in M the point 2c´ a belongs to M .
Proposition 2.9. Given a closed regular curve M , the origin of R2 is the center
of symmetry of the secant caustic SCpMq.
Proof. Let a, b be a parallel pair of M . Then a´ b and b´ a belong to SCpMq and
it is easy to see that 0 is the center of symmetry of SCpMq. 
Corollary 2.10. If M is a generic closed regular curve, then the number of cusps
and the number of inflexion points of SCpMq are even.
Later we will show that Corollary 2.10 still holds for each branch of the secant
caustic of a planar curve - see Theorems 3.16 and 3.20.
Definition 2.11. We say that a curve M is parameterized in the same direction
at points a and b if a, b is a parallel pair of M and the tangent vectors to M at
these points are the same.
Let us denote by κM ppq the signed curvature of M at p. By direct calculations
one can get the following lemma.
Lemma 2.12. Let M be a closed regular curve. Let a, b be a parallel pair of M ,
such that M is parameterized at a and b in the same direction and κM pbq ‰ 0. Let
p “ a´ b be a regular point of SCpMq. Then
(i) the tangent line of SCpMq at p is parallel to the tangent lines of M at a and
b.
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(ii) the curvature of SCpMq at p is equal to
κSCpMqppq “ κM paq|κM pbq||κM paq ´ κM pbq| .(2.1)
Corollary 2.13. Let a, b be a parallel pair of a generic regular closed curve M .
Then a´ b and b´ a are inflexion points of SCpMq if and only if one of a, b is an
inflexion point of M .
Definition 2.14. Let a, b be a parallel pair of M and assume that curvatures of
M at a and b do not vanish. Let τp denote the translation by a vector p P R2.
Then we say that M is curved in the same side at a and b (respectively curved in
the different sides at a and b) if the center of curvature of M at a and the center
of curvature of τa´bpMq at a “ τa´bpbq are on the same side (respectively on the
different sides) of the tangent line to M at a.
We illustrate Definition 2.14 in Fig. 2.
Figure 2. (i) A curve curved in the different sides at a parallel
pair a, b, (ii) a curve curved in the same side at a parallel pair a, b.
Corollary 2.15. Let M be a regular curve. Let a, b be a parallel pair of M . The
curve SCpMq is singular at the point a´ b if and only if M is curved in the same
side at a, b and |κM paq| “ |κM pbq|.
Let us notice that in the case of the Wigner caustic we have a similar result to
Corollary 2.15, but we have to replace the phrase ”curved in the same side” by
”curved in the different sides” [12].
Remark 2.16. A parallel pair a, b of a curve M gives rise to a singular point of
the secant caustic if and only if the Centre Symmetry Set has an asymptote [14].
Proposition 2.17. Let M be a regular closed curve. At an inflexion point of M
the set SCpMq passes through the origin.
Proof. It is a consequence of the definition of the secant caustic and the fact that
nearby an inflexion point p of a curve M there exist sequences of parallel pair
approaching p from the different sides. 
Remark 2.18. Generically the reciprocal of Proposition 2.17 is true.
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Proposition 2.19. Let M be a generic oval. Then for a generic λ ‰ 1
2
we have:
EλpSCpMqq “ SCpEλpMqq.
Proof. Since for each parallel pair a, b of M , the curve M is curved in the different
sides at a, b, we get from Corollary 2.15 that the set SCpMq is an oval. Let us
notice that for a generic λ ‰ 1
2
the set EλpMq is a piecewise regular curve with at
most cusp singularities [16]. Hence we have well defined tangent line at any point
of EλpMq and at any point of SCpMq (see also Definition 3.17).
One can check that both EλpSCpMqq and SCpEλpMqq are equal to the following
set:  p2λ´ 1qpa´ bq ˇˇ a, b is a parallel pair of M(.

Figure 3.
Theorem 2.20. Let P, Q be embedded curves with end points p0, p1 and q0, q1
respectively and suppose that:
(i) The points pi, qi form a parallel pair for i “ 0, 1,
(ii) For every q P Q, there exists p P P such that p, q is a parallel pair and if pi, q
is a parallel pair then q “ qi for i “ 0, 1,
(iii) κPppq ą 0 for p ‰ p0, κQpq0q ą 0 and κQpq1q ě 0,
(iv) P, Q are curved in the same side at parallel pairs p, q close to p0, q0 and p1, q1,
respectively.
Then, provided the curvatures of P and Q satisfy the following condition´
κQpq0q ´ κPpp0q
¯
¨
´
κQpq1q ´ κPpp1q
¯
ă 0,(2.2)
the secant caustic of P YQ has at least two singular points.
Proof. Let us assume that κPpp0q ą 0.
Let g : rt0, t1s Ñ R2, f : rs0, s1s Ñ R2 be the arc length parameterizations of
P,Q, respectively. From (ii)-(iii) we have that there exists a function t : rs0, s1s Ñ
rt0, t1s such that
f 1psq “ g1ptpsqq.(2.3)
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By the implicit function theorem the function t is smooth and t1psq “ κQpfpsqq
κPpgptpsqqq .
From (2.2) we obtain that
`
t1ps0q ´ 1
˘ ¨ `t1ps1q ´ 1˘ ă 0. Therefore by Darboux
Theorem, there exists s P ps0, s1q such that t1psq “ 1. Finally, from Corollary
2.15 we get that the points fpsq ´ gptpsqq and gptpsqq ´ fpsq are singular points of
SC pP YQq, which ends the proof in the case that κPpp0q ą 0
If we assume that κPpp0q “ 0, then the proof is similar except that the domain
of the function t1 is ps0, s1s. Thus we replace t1ps0q by the limit of t1 at s0. 
In Fig. 3 we illustrate two curves satisfying the assumptions of Theorem 2.20.
Corollary 2.21. Under the assumptions (i)–(iv) of Theorem 2.20, provided κPpp0q “
κQpq1q “ 0 we have that the secant caustic of PYQ has at least two singular points.
The result of Corollary 2.21 is illustrated in the following Fig. 4.
Figure 4. A curve M (on the left) and SCpMq (on the right).
In what follows, we shall denote the translation by a vector v as τv.
Theorem 2.22. Let P and Q be embedded regular curves with endpoints p0, p1
and q0, q1, respectively. Let l0 be a line through q0 parallel to Tq1Q, lq be a line
through q1 parallel to Tq0Q and l1p be a line through τq0´p0pp1q parallel to Tq0Q.
Denote c “ l1p X Tq1Q, b0 “ l0 X l1p and b1 “ Tq0QX Tq1Q and let us assume that
(i) TpiP}TqiQ for i “ 0, 1.
(ii) The curvatures of P and Q are positive.
(iii) The absolute values of rotation number of P and Q are the same and smaller
than
1
2
.
(iv) For every point p P P, there exists a point q P Q and for every point q P Q
there exists a point p P P, such that p, q is a parallel pair.
(v) P and Q are curved in the same side at every parallel pair p, q such that p P P
and q P Q.
Let ρmax (respectively ρmin) be the maximum (respectively minimum) of the set"
c´ b1
q1 ´ b1 ,
c´ b0
τq0´p0pp1q ´ b0
*
.
Then provided ρmax ă 1 or ρmin ą 1, the secant caustic of P Y Q has at least
two singular points.
Proof. We shall use the method of the proof of Theorem 3.5 in [12]. Let us consider
the case ρmax ă 1, the proof of the case ρmin ą 1 is similar.
Let A : R2 Ñ R2 be an affine transformation taking the parallelogram bounded
by Tq0Q, lq, l0 τq0´p0 pTp1Pq to the unit square. Let P 1 “ A pτq0´p0 pPqq and
8 W. DOMITRZ, M. C. ROMERO FUSTER, M. ZWIERZYN´SKI
Q1 “ A pQq (see Fig. 5). It is enough to show that SCpP 1 Y Q1q has at least two
singular points. We shall take the coordinate system described in Fig. 5(ii).
Let LP 1 , LQ1 be the lengths of P 1 and Q1 respectively and take arc length param-
eterizations of P 1 and Q1, respectively given by r0, LP 1s Q s ÞÑ fpsq “ pf1psq, f2psqq
and r0, LQ1s Q t Ñ gptq “ pg1ptq, g2ptqq , such that fp0q “ gp0q “ p0, 0q and
gpLQ1q “ pg1pLQ1q, 1q, where 0 ă g1pLQ1q ď ρmax and fpLP 1q “ p1, f2pLP 1qq, where
0 ă f2pLP 1q ď ρmax.
Figure 5.
By the implicit function theorem we get that there exists a function t : r0, LP 1s Ñ
r0, LQ1s such that
df
ds
psq “ dg
dt
ptpsqq.(2.4)
This implies that fpsq, gptpsqq is a parallel pair. By (2.4) we get that t1psq “
κP 1pfpsqq
κQ1pgptpsqqq . Now from Corollary 2.15 we have that the set SCpP
1YQ1q is singular
if
κP 1pfpsqq
κQ1pgptpsqqq “ 1 for some s P r0, LP 1s. Thus we need to show that t
1psq “ 1 for
some s P r0, LP 1s. Let us assume that t1psq ‰ 1 for all s P r0, LP 1s. By (2.4) we get
that
gpteq ´ gp0q “
ż LQ1
0
dg
dt
ptqdt “
ż LP1
0
t1psqdg
dt
ptpsqqds “
ż LP1
0
t1psqdf
ds
psqds.(2.5)
Let us assume that t1psq ą 1 for all s P r0, LP 1s. At the first component of (2.5)
we have
g1pLQ1q “
ż LP1
0
t1psqdf1
ds
psqds ą
ż LP1
0
1 ¨ df1
ds
psqds “ 1.
Then g1pLQ1q ą 1 which is impossible.
If we assume that t1psq ă 1 for all s P r0, LP 1s, we obtain in a similar way that
1 ă f2pLP 1q, which is also impossible.
Therefore both fpsq ´ gptpsqq and gptpsqq ´ fpsq are singular points of SCpP 1 Y
Q1q. 
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3. An algorithm to describe the geometry of the branches of the
secant caustic
LetM be a generic regular closed curve. The self-secant caustic of M is a union of
smooth parametrized curves. Each of these curves we will be called a smooth branch
of SCpMq. We illustrate a non-convex curve M and different smooth branches of
SCpMq in Fig. 6.
Figure 6. (i) A non-convex curve M with four inflexion points,
(ii) SCpMq, (iii) a smooth branch of SCpMq, (iv)-(v) smooth
branches of SCpMq passing through the origin (the marked point),
(vi) two smooth branches of SCpMq.
We assume along this section that M is a generic regular closed curve. We
shall adapt an algorithm that describes the geometry of smooth branches of affine
equidistants to the case of the secant caustic (see Section 4 in [12] for details).
Definition 3.1. Let S1 Q sÑ fpsq P R2 be a parameterization of a smooth closed
curve M , such that fp0q is not an inflexion point. A function ϕM : S1 Ñ r0, pis
is called an angle function of M if ϕM psq is the oriented angle between f 1psq and
f 1p0q modulo pi.
Definition 3.2. A point ϕ in S1 is a local extremum of ϕM if there exists s in S
1
such that ϕM psq “ ϕ, ϕ1M psq “ 0, ϕ2M psq ‰ 0. The local extremum ϕ of ϕM is a
local maximum (respectively minimum) if ϕ2M psq ă 0 (respectively ϕ2M psq ą 0). We
denote by MpϕM q the set of local extrema of ϕM .
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Figure 7. (i) A closed regular curve M with points fpsiq and
tangent lines to M at these points, (ii) a graph of the angle function
ϕM with ϕi and si values.
It is easy to see that if f is the arc length parameterization of a generic regular
closed curve M then fps1q, fps2q is a parallel pair of M is and only if ϕM ps1q “
ϕM ps2q. Furthermore M has an inflexion point at fps0q if and only if ϕM ps0q is a
local extremum. The function ϕM has an even number of local extrema. After the
local maximum the next extremum is a local minimum, and vice versa.
Definition 3.3. The set of local extrema MpϕM q “ tϕ0, ϕ1, . . . , ϕ2n´1u in the
order is compatible with the orientation of S1 “ ϕM pS1q will be called sequence of
local extrema.
Definition 3.4. The sequence SM of parallel points is defined as the subset
ϕ´1M pMpϕM qq “ ts0, s1, . . . , sm´1u, provided MpϕM q is not empty; otherwise we
shall take ts0, s1, . . . , sm´1u “ ϕ´1M pϕM p0qq. The points of SM are ordered accord-
ing to the orientation of M .
In Fig. 7 we illustrate an example of a closed regular curve M with corresponding
angle function ϕM .
We observe that the number of elements in the sequence SM is even (see Propo-
sition 4.7 in [12]). For the remaining part of this section we set 2m “ #SM .
We define
m2mpk, lq : “
"
2m´ 1, if tk, lu “ t0, 2m´ 1u,
minpk, lq, otherwise,
M2mpk, lq : “
"
0, if tk, lu “ t0, 2m´ 1u,
maxpk, lq, otherwise.
An interval ps2m´1, s0q denotes the interval ps2m´1, LM ` s0q, where LM is the
length of M .
In the following definition the indexes i in ϕi are computed modulo 2n and the
numbers j, j ` 1 in the pairs pj, j ` 1q and pj ` 1, jq are computed modulo 2m.
Definition 3.5. If MpϕM q “ tϕ0, ϕ1, . . . , ϕ2n´1u, then for every i P t0, 1, . . . , 2n´
1u, a set of parallel arcs Φi is the following subset
Φi “
!
pk " pl
ˇˇ
k ´ l “ ˘1 modpmq, ϕM pskq “ ϕi, ϕM pslq “ ϕi`1,
ϕM
`ps
m2mpk,lq, sM2mpk,lqq
˘ “ pϕi, ϕi`1q),
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where pi :“ fpsiq and pk " pl :“ f
`“
s
m2mpk,lq, sM2mpk,lq
‰˘
.
If MpϕM q is empty then we define only one set of parallel arcs as follows:
Φ0 “
 
p0 " p1, p1 " p2, . . . , p2m´2 " p2m´1, p2m´1 " p0
(
.
The set of parallel arcs has the following property.
Proposition 3.6. Let f : S1 Ñ R2 be the arc length parameterization of M . For
every two arcs pk " pl, pk1 " pl1 in the same set of parallel arcs, the well defined
map
pk " pl Q p ÞÑ P ppq P pk1 " pl1 ,
is a diffeomorphism, where the pair p, P ppq is a parallel pair of M .
As a consequence, we obtain the following result.
Theorem 3.7. If f : S1 Ñ R2 is the arc length parameterization of M then
SCpMq “
ď
i
ď
pk"pl,pk1"pl1PΦi
pk"pl‰pk1"pl1
SC `pk " pl Y pk1 " pl1˘ .(3.1)
Definition 3.8. Let pk1 " pk2 , pl1 " pl2 belong to the same set of parallel arcs,
then
pk1 " pk2
pl1 " pl2
denotes the following arc
cl
!
pa, bq PM ˆM
ˇˇˇ
a P pk1 " pk2 , b P pl1 " pl2 , a, b is a parallel pair of M
)
.
In addition
pk1 " . . . " pkn
pl1 " . . . " pln
denotes
n´1ď
i“1
pki " pki`1
pli " pli`1
. We will call
this union of arcs a glueing scheme for SCpMq.
Definition 3.9. The secant map of the curve M is the following map:
SM : M ˆM Ñ R2, pa, bq ÞÑ a´ b.
Let A1 “ pk1 " pk2 and A2 “ pl1 " pl2 be two arcs of M which belong to the
same set of parallel arcs. It is easy to see that the set SC
´
A1YA2
¯
consists of the
image of two different arcs
pk1 " pk2
pl1 " pl2
and
pl1 " pl2
pk1 " pk2
under the secant
map SM . From this observation we get the following proposition.
Corollary 3.10. The set SCpMq is the image of the union of 2¨
ÿ
i
ˆ
#Φi
2
˙
different
arcs under the secant map SM .
The algorithm glues arcs of SCpMq corresponding to pairs of parallel arcs of M
in order to create branches of SCpMq.
Proposition 3.11 (see Proposition 4.15 in [12]). Let M be a generic regular
closed curve which is not convex. If a glueing scheme for SCpMq is of the form
pk1 " pk2
pl1 " pl2
, then this scheme can be prolonged in a unique way to
pk1 " pk2 " pk3
pl1 " pl2 " pl3
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such that the pair pk1, l1q is different than the pair pk3, l3q.
The glueing scheme represents parts of branches of SCpMq. If we equip the set
of all possible glueing schemes for SCpMq with the inclusion relation, then this set
is partially ordered. The maximal glueing schemes for the secant caustic are the
same as the maximal glueing schemes for affine λ-equidistants for λ ‰ 0, 12 , 1. Thus
we define them in the following way.
Definition 3.12. A maximal glueing scheme for SCpMq is a glueing scheme which
is a maximal element of the set of all glueing schemes for SCpMq equipped with
the inclusion relation.
Remark 3.13. Every maximal glueing scheme corresponds to a branch of SCpMq.
Lemma 3.14 (see Lemma 4.20 in [12]). Let f : S1 ÞÑ R2 be the arc length param-
eterization of M . Then
(i) for every two different arcs pk1 " pk2 , pl1 " pl2 in Φi there exists exactly one
maximal glueing scheme for SCpMq containing pk1 " pk2
pl1 " pl2
or
pk2 " pk1
pl2 " pl1
,
(ii) if pk :“ fpskq is an inflexion point of M , then there exists a maximal glueing
scheme for SCpMq which is in the form
pk " pk1 " . . . " pkn " pl " pln " . . . " pl1 " pk
pk " pl1 " . . . " pln " pl " pkn " . . . " pk1 " pk
,
where pl is an inflexion point of M and pki ‰ pli for i “ 1, 2, . . . , n.
From Proposition 2.17, Remark 3.13 and Lemma 3.14 we get the following the-
orem.
Theorem 3.15. If M has 2n inflexion points then every branch of SCpMq is a
closed curve and there exist exactly n branches such that
(i) the origin is the center of symmetry of each such branch,
(ii) each branch passes through the origin twice and each time the origin is an
inflexion point of this branch.
We illustrate Theorem 3.15 in Fig. 6. Observe that despite of the fact that the
secant caustic of M has the center of symmetry, there can exist branches of SCpMq
without this property, as illustrated in Fig. 6.
Theorem 3.16. Let M be a generic regular closed curve, let 2n ą 0 be the number
of inflexion points of M . If #SM “ 2m then
(i) the number of inflexion points of SCpMq is equal to 4m´ 2n,
(ii) the number of inflexion points of every branch of SCpMq is even,
(iii) the number of inflexion points of every branch of SCpMq passing through the
origin is 2 modulo 4.
(iv) the total number of inflexion points in all branches with the exception of
branches passing through the origin is a multiple of 4.
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Proof. (i) Since the number of points in M which are parallel to inflexion points
of M is equal to 2m´ 2n, by Corollary 2.13, the number of inflexion points of
SCpMq with the exception of inflexion points which are in the origin is equal
to 2p2m´ 2nq. Since we have 2n inflexion points of SCpMq in the origin, we
end the proof of (i).
(ii) Since any branch of SCpMq is a closed curve with at most cusp singularities,
the number of inflexion points of every branch of SCpMq is even (see Lemma
6.10 in [12]).
(iii) Let C be a branch of SCpMq passing through the origin. By Lemma 3.14 and
Proposition 3.11 the maximal glueing scheme for C has the following form:
pk " pk1 " . . . " pkn " pl " pln " . . . " pl1 " pk
pk " pl1 " . . . " pln " pl " pkn " . . . " pk1 " pk
,
where pk, pl are inflexion points of M and pki ‰ pli for i “ 1, 2, . . . , n.
By Lemma 4.20 in [12] the maximal glueing scheme for the corresponding
branch of the Wigner caustic has the following form
pk " pk1 " . . . " pkn " pl
pk " pl1 " . . . " pln " pl
.
By Corollary 5.13 in [12] this branch of the Wigner caustic has an even
number of inflexion points. It means that there is an even number of points
corresponding to inflexion points of M among pk1 , . . . , pkn , pl1 , . . . , pln . There-
fore by Corollary 2.13 the number of inflexion points of C including
pk
pk
and
pl
pl
is 2 modulo 4.
(iv) It is a consequence of (i) and (iii) and Theorem 3.15.

Definition 3.17. The tangent line of SCpMq (respectively of EλpMq) at a cusp
point p is the limit of a sequence TqnSCpMq in RP 1 for any sequence qn of a regular
points of SCpMq (respectively of EλpMq) converging to p.
Definition 3.18. Let n : M Ñ S1 be a continuous unit normal vector field to M .
A vector field nSC : SCpMq Q a´ b ÞÑ npaq P S1 for every parallel pair a, b of M is
called a normal vector field to SCpMq.
It is easy to see that nSC is continuous on every branch of SCpMq and the vector
nSCpa´ bq is perpendicular to the tangent space to SCpMq at a´ b.
Definition 3.19. A rotation number of a curve with at most cusp singularities is
a rotation number of its continuous unit normal vector field.
This definition coincides with the classical definition of the rotation number for
regular curves.
Theorem 3.20. If C is a smooth branch of SCpMq then the number of cusps of C
is even.
Proof. Let nSC be a normal vector field to C. The vector field nSC is continuous
and normal to the cusp singularity. Thus it is directed outside the cusp on the
one of two connected regular components and is directed inside the cusp on the
other component as it is illustrated in Fig. 8. Since C is a closed curve and nSC is
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continuous, the rotation number of C is an integer. Therefore the number of cusps
of C is even.
Figure 8.

Proposition 3.21. Let C be a branch of SCpMq passing through the origin. An
oriented half-branch of C between two inflexion points at the origin has even number
of cusps if and only if the tangent and normal vector fields at the beginning and the
end of this half-branch define the same orientation of Tp0,0qR2.
Proof. It is a consequence of a fact that the tangent vector field changes the orien-
tation after crossing the cusp point (see Fig. 9).
Figure 9.

Definition 3.22. We say that two arcs pk " pl and pk1 " pl1 in Φi are curved in
the same side (respectively curved in the different sides) if these arcs are curved in
the same side (respectively curved in the different sides) at every parallel pair a, b
such that a P pk " pl ´ tpk, plu, b P pk1 " pl1 ´ tpk1 , pl1u.
By Corollary 2.21 we obtain the following useful observation.
Corollary 3.23. Let M be a generic regular closed curve. If there exist arcs curved
in the same side pk " pl and pk1 " pl1 such that pk, pl1 or pk1 , pl are inflexion points
of M then SCpMq has at least two cusps.
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4. The geometry of the secant caustic of rosettes
Let LC denote the length of a curve C. Let AC denote the area of the region
bounded by a simple curve C. Let rAC denote the signed area (or an oriented {
algebraic area) of a closed oriented curve C, i.e. the integral
1
2
ż
C
´ydx ` xdy “ĳ
R2
wCpx, yqdxdy, where wCpx, yq is the winding number of C around a point px, yq.
Definition 4.1. A smooth regular oriented closed curve is called an n-rosette if its
curvature is positive and its rotation number is equal to n.
Let Rn be an n-rosette and let a point 0 be the origin of R2. Let
r0, 2npis Q θ ÞÑ γpθq P R2
be a parameterization of Rn in terms of the tangential angle θ to Rn. We will
use a special parameterization which is based on a notion of a generalized support
function r0, 2npis Q θ ÞÑ ppθq P R. Geometrically ppθq is an oriented distance
between the origin 0 and the tangent line to Rn at a point γpθq in the direction
pcos θ, sin θq. Since Rn is an envelope of the family of tangent lines to it, one can
easily get that the parameterization of Rn in terms of a couple pθ, ppθqq is as follows:
r0, 2npis Q θ ÞÑ γpθq :“ `ppθq cos θ ´ p1pθq sin θ, ppθq sin θ ` p1pθq cos θq P R2.
The couple pθ, ppθqq is called the polar-tangential coordinates of an n-rosette and
it is very useful to study the convex and locally convex objects. For details see [4].
The curvature and the radius of curvature of Rn at a point γpθq are given by the
formulas
κpθq “ 1
ppθq ` p2pθq , ρpθq “ ppθq ` p
2pθq.
The length and the oriented area of Rn can be computed as follows:
LRn “
ż 2npi
0
ρpθqdθ “
ż 2npi
0
ppθqdθ,(4.1)
rARn “ 12
ż 2npi
0
´
p2pθq ´ p12pθq
¯
dθ.(4.2)
Formulas (4.1), (4.2) are known as Cauchy’s and Blaschke’s formulas, respectively
([17]).
Geometrical objects related with rosettes were studied in many papers (see
[4, 12, 20, 25, 26] and the literature therein). Rosettes are also planar non-singular
hedgehogs, i.e. curves which can be parameterized using their Gauss map. Hedge-
hogs can be viewed as Minkowski’s difference of convex bodies (see [19]). In [12, 26]
the geometry of affine λ - equidistants of rosettes were studied it was shown that
the Wigner caustic of a generic n-rosette Rn has exactly n smooth branches:
‚ a branch E0.5,kpRnq for k “ 1, . . . , n ´ 1, which has the following parame-
terization:
r0, 2npis Q θ ÞÑ γ0.5,kpθq :“ 1
2
pγpθq ` γpθ ` kpiqq P R2,
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‚ a branch E0.5,npRnq, which has the following parameterization:
r0, npis Q θ ÞÑ γ0.5,npθq :“ 1
2
pγpθq ` γpθ ` npiqq P R2,
where r0, 2npis Q θ ÞÑ γpθq P R2 is a parameterization of a rosette Rn in the polar-
tangential coordinates
`
ppθq, θ˘.
Let R0 denote a point reflection through the origin of R2.
Theorem 4.2. Let Rn be a generic n-rosette and let r0, 2npis Q θ ÞÑ γpθq P R2 be
a parameterization of Rn in the polar-tangential coordinates
`
ppθq, θ˘. Then
(i) there are 2n´ 1 branches of the secant caustic of Rn:
‚ a branch SCkpRnq which has a parameterization
r0, 2npis Q θ ÞÑ γk,npθq :“ γpθq ´ γpθ ` kpiq P R2(4.3)
for k “ 1, 2, . . . , n,
‚ a branch SCn`kpRnq which has a parameterization
r0, 2npis Q θ ÞÑ γn`k,npθq :“ γ
`
θ ` kpi˘´ γpθq P R2(4.4)
for k “ 1, 2, . . . n´ 1,
(ii) for each k “ 1, 2, . . . , n´ 1 we have R0
`SCkpRnq˘ “ SCn`kpRnq,
(iii) the branch SCnpRnq is centrally symmetric,
(iv) the rotation number of each branch of SCpRnq is equal to n,
(v) exactly n branches of SCpRnq are rosettes:
‚ SCkpRnq for k odd if n is even,
‚ SCkpRnq, SCn`kpRnq for k odd and smaller than n and SCnpRnq if n is
odd,
(vi) exactly n´ 1 branches of SCpRnq are singular:
‚ SCkpRnq for k even if n is even,
‚ SCkpRnq, SCn`kpRnq for k even and smaller than n if n is odd,
and the number of cusps in each singular branch is even,
(vii) the minimal number of cusps of SCpRnq is 2pn´ 1q,
(viii) if C is a non-singular branch of SCpRnq, then LC “ 2LRn ,
(ix) if C is a singular branch of SCpRnq, then LC ď 2LRn ,
(x) if k ă n, then rASCkpRnq ` 4 rAE0.5,kpRnq “ 4 rARn ,rASCn`kpRnq ` 4 rAE0.5,kpRnq “ 4 rARn ,
and if k “ n, then rASCkpRnq ` 8 rAE0.5,kpRnq “ 4 rARn .
Proof. The set of parallel arcs has the following form
Φ0 “
!
p0 " p1, p1 " p2, . . . , p2n´2 " p2n´1, p2n´1 " p0
)
.
Let SCkpRnq be a smooth branch of SCpRnq. We can create the following max-
imal glueing schemes.
‚ A maximal glueing scheme of SCkpRnq for k P t1, 2, . . . , n´ 1u:
p0 " p1 " p2 " . . . " p2n´2 " p2n´1 " p0
pk " pk`1 " pk`2 " . . . " pk´2 " pk´1 " pk
.
THE GEOMETRY OF THE SECANT CAUSTIC 17
‚ A maximal glueing scheme of SCnpRnq:
p0 " p1 " . . . " pn´1 " pn " . . . " p2n´1 " p0
pn " pn`1 " . . . " p2n´1 " p0 " . . . " pn´1 " pn
.
‚ A maximal glueing scheme of SCn`kpRnq for k P t1, 2, . . . , n´ 1u:
pk " pk`1 " pk`2 " . . . " pk´2 " pk´1 " pk
p0 " p1 " p2 " . . . " p2n´2 " p2n´1 " p0
.
The total number of arcs of the glueing schemes for the secant caustic of Rn
presented above is 2np2n´ 1q. By Corollary 3.10 the total number of different arcs
of the secant caustic of Rn is equal to the same number. Thus there is no more
maximal glueing schemes for the secant caustic of Rn. Therefore there are exactly
2n´1 branches of SCpRnq which are parameterized as in piq. By parameterizations
(4.3) and (4.4) we get (ii), (iii) and (iv).
Let ρpθq denote the radius of curvature of Rn at a point γpθq. Let us recall that
ρpθq “ ppθq ` p2pθq.
Since ppθq is a support function of Rn, directly by (4.3) and (4.4) we get that
‚ the support function and the radius of curvature of SCkpRnq for k “
1, 2, . . . , n are given by the following formulas:
pk,npθq “ ppθq ` p´1qk`1ppθ ` kpiq,
ρk,npθq “ ρpθq ` p´1qk`1ρpθ ` kpiq.
‚ the support function and the radius of curvature of SCkpRnq for k “ n `
1, . . . , 2n´ 1 are given by following formulas:
pk,npθq “ p´1qk´nppθ ` pk ´ nqpiq ´ ppθq,
ρk,npθq “ p´1qk´nρpθ ` pk ´ nqpiq ´ ρpθq.
We will prove points (v) and (vi) only when n is even, the proof for the remaining
case is similar. Let us notice that SCkpRnq is singular at a point γk,npθq if and
only if ρk,npθq “ 0. Moreover let us notice that if k is odd and k ă n, then
ρk,npθq “ ρpθq`ρpθ`kpiq ą 0 and ρn`k,npθq “ ´ρpθ`pk´nqpiq´ρpθq ă 0. Hence
SCkpRnq is an n-rosette if k is odd. Now let us assume that k is even. Since in this
case ρk,np0q “ ρk,np2npiq and
ż 2npi
0
ρk,npθqdθ “ 0, there are even number of zeros
of the function ρk,n in an interval of the length 2npi.
One can check that ppθq “ 2 ` cos θ
n
is a support function of an n-rosette such
that each singular branch of the secant caustic of Rn has exactly 2 cusps. This
ends the proof of (vii).
To prove (viii) let us notice that if SCkpRnq is a rosette, then |ρk,npθq| “ ρpθq `
ρpθ `mkpiq, where mk is some integer depending on k. Hence
LSCkpRnq “
ż 2npi
0
|ρk,npθq|dθ “
ż 2npi
0
pρpθq ` ρpθ `mkpiqqdθ “ LRn ` LRn .
To prove (ix) let us notice that if SCkpRnq is a singular hedgehog, then |ρk,n| “
|ρpθq ´ ρpθ `mkpiq|, where mk is some integer depending on k. Hence
LSCkpRnq “
ż 2npi
0
|ρk,npθq|dθ “
ż 2npi
0
|ρpθq ´ ρpθ `mkpiq|dθ ď LRn ` LRn .
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Let k ď n. Then by generalized Blaschke formula we get that the oriented area
of SCkpRnq is given by the following formula:
rASCkpRnq “ 12
ż 2npi
0
`
p2k,npθq ´ p12k,npθ ` kpiq
˘
dθ(4.5)
“ 2 rARn ` 2p´1qk`1ΨRn ,
where
ΨRn “ 12
ż 2npi
0
`
ppθqppθ ` kpiq ´ p1pθqp1pθ ` kpiq˘ dθ.
From the calculation from the proof of Lemma 2.11 in [26] we get the following
relations:
‚ if k ă n, then
rAE0.5,kpRnq “ 12 rARn ` p´1qk2 ΨRn ,(4.6)
‚ and if k “ n, then
2 rAE0.5,kpRnq “ 12 rARn ` p´1qk2 ΨRn .(4.7)
By (4.5), (4.6) and (4.7) we end the proof of (x). 
Fig. 10 illustrates a 2-rosette R2 (on the left) and SCpR2q (on the right). One
branch of SCpR2q is dashed.
Figure 10.
In particular we get the following corollary of Theorem 4.2 for a convex curve
(let us note that if M is a positively oriented oval, then rAE0.5pMq ď 0 [24]).
Corollary 4.3. Let M be an oval. Then SCpMq is an oval and
(i)
LSCpMq “ 2LM .
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(ii)
ASCpMq “ 4AM ` 8| rAE0.5pMq|.
We illustrate an oval M , E0.5pMq, SCpMq in Fig. 11.
Figure 11.
References
[1] A. M. Ozorio de Almeida, J. Hannay, Geometry of two dimensional Tori in phase space:
Projections, sections and the Wigner function, Ann. Phys. 138, 115–154 (1982).
[2] M. V. Berry, Semi-classical mechanics in phase space: a study of a Wigner’s function,
Philos. trans. Roy. Soc. Lond. A 287 (1977), 237–271.
[3] J. W. Bruce, J.W. Bruce, Generic Space Curves and secants. Proc. Royal Soc. Edinburgh
A 98 (1984) 281–289.
[4] W. Cies´lak, W. Mozgawa, On rosettes and almost rosettes, Geom. Dedicata 24, 221–228
(1987).
[5] M. Craizer, Iterates of Involutes of Constant Width Curves in the Mankowski Plane,
Beitrage zur Algebra und Geometrie, 55(2), 479–496, 2014.
[6] J. J. Nun˜o and M. C. Romero Fuster, Global bitangency properties of generic closed
space curves, Math. Proc. Cambridge Philos. Soc. 112 (1992), no. 3, 519—526.
[7] M. Craizer, W. Domitrz, P. de M. Rios, Even Dimensional Improper Affine Spheres , J.
Math. Anal. Appl. 421 (2015), pp. 1803–1826.
[8] W. Domitrz, S. Janeczko, P. de M. Rios, M. A. S. Ruas, Singularities of affine equidis-
tants: extrinsic geometry of surfaces in 4–space , Bull. Braz. Math. Soc., 47(4) (2016),
pp. 1155–1179.
[9] W. Domitrz, M. Manoel, P. de M. Rios, The Wigner caustic on shell and singularities
of odd functions , Journal of Geometry and Physics 71(2013), pp. 58–72.
[10] W. Domitrz, Pedro de M. Rios, Singularities of equidistants and Global Centre Sym-
metry sets of Lagrangian submanifolds, Geom. Dedicata 169 (2014), pp. 361–382.
[11] W. Domitrz, P. de M. Rios, M. A. S. Ruas, Singularities of affine equidistants: projec-
tions and contacts , J. Singul. 10 (2014), 67–81.
[12] W. Domitrz, M. Zwierzyn´ski, The geometry of the Wigner caustic and affine equidistant
of planar curves, arXiv:1605.05361v3
[13] W. Domitrz, M. Zwierzyn´ski, The Gauss-Bonnet theorem for coherent tangent bundles
over surfaces with boundary and its applications, arXiv:1802.05557
[14] P. J. Giblin, P. A. Holtom, The Centre Symmetry Set, Geometry and Topology of
Caustics, vol. 50, pp. 91–105. Banach Center Publications, Warsaw (1999).
[15] P. J. Giblin, J. P. Warder and V. M. Zakalyukin, Bifurcations of affine equidistants,
Proceedings of the Steklov Institute of Mathematics 267 (2009), 57–75.
[16] P. J. Giblin, V. M. Zakalyukin, Singularities of Centre Symmetry Sets, Proc. London
Math. Soc. (3) 90 (2005), 132–166.
[17] H. Groemer, Geometric Applications of Fourier Series and Spherical Harmonics, Ency-
clopedia Math. Appl., vol.61, Cambridge University Press, Cambridge, 1996.
[18] S. Janeczko, Bifurcations of the center of symmetry, Geom. Dedicata 60 (1996), 9–16.
20 W. DOMITRZ, M. C. ROMERO FUSTER, M. ZWIERZYN´SKI
[19] Y. Martinez-Maure, Geometric study of Minkowski differences of plane convex bodies,
Canadian Journal of Mathematics 58 (2006), 600–624.
[20] A. Miernowski, W. Mozgawa, Isoptics of rosettes and rosettes of constant width, Note
di Matematica Vol. 15 - n. 2, 203–213 (1995)
[21] M. C. Romero Fuster, L. Sanhermelando, Singularities of secant maps on closed plane
curves. Proceedings of the workshop “Singularities in Generic Geometry and its Appli-
cations – Kobe-Kyoto 2015 (Valencia IV)”. Advanced Studies in Pure Mathematics. To
appear.
[22] R. Schneider, Reflections of planar convex bodies, Convexity and discrete geometry in-
cluding graph theory, 69–76, Springer Proc. Math. Stat., 148, Springer, [Cham], 2016.
[23] R. Schneider, The middle hedgehog of a planar convex body, Beitrage zur Algebra und
Geometrie 58 (2017), 235–245.
[24] M. Zwierzyn´ski, The improved isoperimetric inequality and the Wigner caustic of planar
ovals, J. Math. Anal. Appl., 442(2) (2016), 726–739.
[25] M. Zwierzyn´ski, The Constant Width Measure Set, the Spherical Measure Set and
isoperimetric equalities for planar ovals, arXiv:1605.02930
[26] M. Zwierzyn´ski, Isoperimetric equalities for rosettes, arXiv:1605.08304
W. Domitrz, Warsaw University of Technology, Faculty of Mathematics and Infor-
mation Science, ul. Koszykowa 75, 00-662 Warszawa, Poland
E-mail address: domitrz@mini.pw.edu.pl
M. C. Romero Fuster, University of Valencia, Faculty of Mathematics, 46100 Bur-
jassot, Valencia, Spain,
E-mail address: carmen.romero@uv.es
M. Zwierzyn´ski, Warsaw University of Technology, Faculty of Mathematics and
Information Science, ul. Koszykowa 75, 00-662 Warszawa, Poland
E-mail address: zwierzynskim@mini.pw.edu.pl
